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ABSTRACT

L-Systems are automata theoretic developmental models for
filamenteous growth. In this report a subclass, the DOL-Systems, is
studied by considering a classification of letters with respect to
their productions. The notion of a recursive complexity structure is
introduced, The properties derived are exploited, yielding a feasible
algorithm for the solution of a "word problem" (i.e. the membership
question) for DOL-Systems. '

Necessary and sufficient conditions for the finiteness of
DOL~languages are stated, and the size of a DOL-language is fixed
within sharp bounds depending on the size of the alphabet and the size
of classes induced by an equivalence relation on this alphabet. An
ALGOL-60 implementation of the above mentioned algorithm, and a
program for generating the sequence of subsequent words, are provided,

both capably written by F.A.L.M. Goossens.
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1 INTRODUCTION
1.1 NOTATION AND PRELIMINARIES

Let ) be a finite set. Any sequence of elements of ) is called a word
or string over ). If o and B are two words over ), then their concate-
nation is written as oB. A denotes the empty word. If aez then a®
means aa, a3 means aaa, etc. ao = A, If L1 and L2 are two sets of
words over z then

Ly.L, = {aBIueL1 and BeLz}.

Y is the Kleenean closure of ), i.e. = v Zi where ZO = {A} and
- 1i=0

DR NN A VeV
If weE* then v : z* - 22 is defined by
y(w) = {ae)] In,ge)” [w=nagl}

]Zl denotes the number of elements of 2. |a| denotes the length of a
word . ‘

Let Seq = c,Cy5+-.,c, be a sequence of elements of ), then y(Seq) =

k

{CiEZlCi oceurs in Seq}, and |Seq| = k+1.
A language over'z is a set L & z*. Further notation will by and large

conform to the one usual in mathematical linguistics.

Logical quantifiers: V means "for all"

3 means "there exists at least one'.



1.2 LINDENMAYER SYSTEMS

Lindenmayer or L-Systems were proposed by Lindenmayer [6] as a
developmental model for filamenteous growth. They were studied
formally in e.g. [1, 4 and T71.

We shall investigate some aspects of a subclass of the L-Systems: the

DOL-Systems or Deterministic O-Input Lindenmayer Systems.

Def. 1.1 A Semi-DOL-System (Semi DOL) is an ordered pair S = <) ,s>

where ’

(i) ) is a nonempty finite set, the alphabet of S, and an element of
) is called a letter. |

(ii) 6 : ) = E* is a total mapping, called the set of production rules,

and for §(a) = a we also write a -+ a.

A Semi DOL generates words as follows:

- +
Let w = 8y 8y vev 8 € Z and

w'=a, a o € Z* then
1 2 L B m 9

w produces or generates w' directly, written as w=pw',

iff Vije{1,2,...,m} [aj > aj].

* - .
==> denotes the transitive and reflexive closure of the relation ==%,

. ,
and =££g$w' denotes a chain of length k:

= =3 san = '
w wo w1==? ==#wk w

. . *
It w=:>w' we say w produces, generates Or derives ', and if w=£§lw',

then w' is derived in k steps from w, and wtégzw' is a k-derivation of

%(k)

N .
w' from w. w=>w' means w===> ' and k > 0.

We extend 6 in the obvious way to &' such that

2)...5(am)

and omit for convenience sake the " ' " .,

1
8 (a1 a,

o o am) = 6(a1) §{a



GO(w) w

6(6i—1(m)); i.e. wtéigéi(w)

w'es™(w) iff w=su',

6i(w)

v(6%(w) L v y(w)
w'es (w)
s1(7) 2Ly sl(a) ana v(s* (D) 2L U y(s'(a))
ae ' a¢€
s*(7) %L | 6%(a) ana v(s*(1)) 2L U v(s™(a))
ac i ac

Def. 1.2 A DOL-System (DOL) is an ordered triple

G = <2,6,0> where

(1) ) and § are as in def. 1.1
.. + .
(ii) oez is called the axiom of G.

Def. 1.3 The DOL-Languagée generated by a DOL G = <z,6,c>

is defined by

L(6) = {we]" | 0 = 0}, i.e. L(G) = 67(0),

L-Systems differ from traditional grammars in the following respects:

(i) All letters of a string are rewritten simultareously at each
time step. This feature conforms to the state of affairs in
natural processes which are mostly parallel as opposed to the
sequential character of grammars.

(ii) Every string derived in this manner from o belongs to L(G).

(iii) As a consequence of (i) and (ii) there is no distinction between
terminal and auxiliary letters (in a sense there are no

terminals).
Def. 1.4 The sequence £(G) of words generated by G = <z,6,o> i.e.
- 2
£(G) = 0,8(0),87(a),...

is called a propagation.



Example 1 G = <{a}, {a > aa}, a>

£(a)

8, 88, 8888, ...

t
L(G) = {a° |t = o}

Example 2 G = <{a,b},{a + aba, b + A}, a>

It

£(a)

a, aba, abaaba, ....

1(¢) = {(aba)2 |t = 0} U [a}

Example 3 G = <{a,b},{a > b, b - ab}, a>

I}

£(G) = a, b, ab, bab, abbab, «...

L(G) = {a, b, ab, bab, abbab, ....}
Note that the lengths of the consecutively generated words
]a], ]b], labl, Ibab], ]abbab[, soee

form the main Fibonacci sequence

Ty 15 25 35 54 eons

Consider the DOL G = <{a,b,c}, {a * aa, b > bb}, a>

g(a)

8, 88, Q28AA, s+

{aetlt 2 0}

L{G)

Clearly, the letter b is superfluous since it does not appear in the
sequence and language produced by G.

Following Rozenberg and Lindenmayer [8] we define

Def. 1.5 A DOL G = <),8,0> ig

(i) Quasi-reduced iff v Y(St(U)) = 2
tell

(ii) Reduced iff ¥jeN L %Ny(ét(aj(o))) = Z]
te



2  THE GENERIC POWER OF LETTERS

What type of language a DOL G = <Z,6,0> generates depends on the
generic or productive qualities imbued to the letters by the semi DOL
S = <),6>.

Def, 2.1 Let S <),8> be a semi DOL, |}| = p.

A letter aez is

(i) Mortal iff a==). Zm = {a]a is mortall. P, = Izml.
(ii) vital iff ed] . J =]\l - P, = 1,1

*)

. . +
(&) Recursive iff a=»naf for some n,Eez*

zr = {ala is recursive}. P, = Er'

If a=;$na€ with n,geZ; then letter & is monorecursive.
Emr = {a]a is monorecursive}. P = IEmr]'

(b) Recurring iff aézr and there exists a letter bezr such that
b=snak. Ec = {aei\zmla is recurring}. p, = ]zcl.

(c¢) Initial iff a*ir and there does not exist a letter bezr such
that b=>nak. zi = {aGZ\zmla is initial}l. p. = Izi"

NB. The distinction between recurring and initial can also be made in

the case of mortal letters. Here we need this distinction only for

vital letters, and we shall talk about recurring vital (agzc) and

initial vital (aezi) letters.

The inclusion relation induces a partial ordering on

{2: Zm, zva zra er, zc, zi} as follows:

z1’I].I‘

*>4
In the sequel we shall omit "for some n,éez*" when ever this is

obviously implied.



Clearly: (i) Zv u Zm =)
(1) J vl vl=1s L. <l
(i) I, 0 I, = Lo ]

o
n

I
B
kel
B
A
Le)
(o]
A
ke
A

P3Py < P3P, < P3P, <P

(cf. proofs lemma's 2.1 - 2.4 and lemma 3.5).

When an arrow pointing from Zk to Zj’ k,je{m,r,c,i} means that (by

def. 2.1) a letter aezk may generate a letter bezj, we easily see that

G

the diagram below holds:

i

In

=9



A useful heuristic device in the investigation of aspects of the
generic power of a letter a€), S = <),8>, is the notion of the
propagation tree Ta of aj; related to the rule tree or derivation tree

as encountered in the theory of context free languages.

Def. 2.2. Let 8 = <),8> be a semi DOL.

The propagation tree Ta of'an'is a labeled directed tree of which
the labels attached to the nodes are elements of z. When we designate
the j-th node (from left to right starting with 1) at level k (from
top to bottom starting with 0) by (k,j) and bisz is attached to (k,j),

then node (k,j) is connected by edges with nodes

(k+1,1),...,(k+1,h+n) labelled CiseeesCs s respectively, iff
1 n

b, *c. ...c. € 8. The root of T is the single node (0,1) at level 0
1Ty a

labeled with a. A branch is a connected path in Ta' We shall identify

the labels with the nodes they label.

Example 1 8 = <{a},{a » aal> N

Example 2 s = <{a,b},{a > aba,b > A}>




Remark

For aezm the propagation tree Ta eventually terminates, for aezv never.

anr occurs in Ta appart from the root. aezc occurs in Tb of some bezr.

aezi does not occur in Tb of some bezr.

Def. 2.3 A pedigree of b is a sequence 1(b) = bysb, e s b, such that

¥ie(0,1,2,..,6}[b; , ev(8(b;)) and b, = bl.

Lemmas 2.1 Let S = <),6> be a semi DOL and ac).

&EE iff Ae U {Gk(a)}
n O<k§pm

i,e., iff a derives A in no more than P, productions.,

Proof <. If a.:é§£> A, k 2P then'aezm.

~. Suppose A¢ U {Gk(a)J
O<k§pm

Then Vke{0,1,...,p_} [v(6%(a))n]# 63,

b |
Let bey(§ "(a))n), and let 1(b) = b

O,b1,n-u,bp 5

m

bo =aadb =D, be a pedigree of b.
Ppy
case 1 |v(1(v))]| = p +1
But p = lzml and therefore
v(1(0))n)  # 8.

Hence U y(ék(a))nzv £ @,
<k<
O_k_pm
i.e. a derives a vital letter and hence is itself vital: aéXm,

Case 2 |y(1(b))| < p
But |1(p)| > p and therefore
3i,je{0,1,...,pm} [i < j and bi = bj]'

Hence U Y(Sk(a))ﬂz #40,
Osk<p_ ’

i.e. a derives a recursive letter and hence is vital: aézm a



Remark
The proof is intuitively obvious when we envisualize the propagation

tree of a.

Lerms 2.2 Let S = <) ,6> be a semi DOL and ae) .

aezv iff A U '{Gk(a)}
0<k§pm

Proof 3%2 iff Ad U '{6k(a)}. Hence an\Z = 2 N
S m 0<k<p_ m v

Lemma 2.3 Let S = <z,6> be a semi DOL and asz.

: k
ac) iff ac u v(8 (a))
¥ 0<k<p

Proof < . If ae U y(ék(a)) then an .
O<k<p., ¥

© k
+ . If ac) then ae U y(8 (a))
L k=1
Let h be such that
(1) aey(8™(a)), and
X .
(2) a¢ Y vy(87(a)) -
O<k<h

Let 1{a) =

1

co,c1,02,...,ch_1,ch be a pedigree of the occurence

of a in (1), ¢, = ¢ = a.

Clearly,  ¥0<i<h [ciev(éh(ci))], and therefore:

(3) y(1(a)) ¢ ],

Suppose h > D~

Because of (1), (2) and (3) I{c1,c2,...,ch_1}‘ < P,

Therefore Ji,je{1,2,...,h-1}[i<j and c. = cj],

and we have

aey(ah-a(c,)) = Y(Gh—J(ci)) < U Y(Sk(a)), contradicting (2).
J O<k<h-j+i

<
Hence h < p_ 0
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Corollary From the proof of lemma 2.3 follows that every aeir has a
pedigree

-1{a) = 858 500 such that

Cg-12®
v(1(a)) e}, end |y(1(a)] = k.

This means that every occurence of a in some propagation tree is
connected by a sequence of recursive letters without repetitions with
another occurence of a.

a connecting seguence

We call such a sequence C(a) = a, Cyaeees C .

of a. (Such a connecting sequence is & special case of a dependence

path as defined by Rozenberg & Lindenmayer [8]).

Def. 2.4 Let C(a) be a connecting sequence of a.
Then k = [C(a)l is called a period of a.

K 2oL (xem |k is a period of a}.

Lemma 2.4 Let S = <),8> be a semi DOL and ac).
aez iff ae U Y(ﬁk(z J) n 2 \z
c r v br
O<k<p
c

Proof Along lines similar to the proofs of lemma's 2.1-2.3 [J

Corollary aezi iff ad y(ék(Zr)) n zv\zr and ae) \)_.
0<k<p v by
e

Theorem 2.5 Let S = <),6> be a semi DOL. For every ac) we can
effectively determine

(i) Whether a is mortal, vital, or recursive, by examining

u {Gk(a)} and u o y($8
O<k<p 0<k<p

(ii) Whether a is recurring vital or initial vital by examining

v (L)
0<ksp -,

Proof By lemma's 2.1-2.4 and the corollary. [J
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Theorem 2.6 We can effectively determine whether a DOL G = <Z,6,o> is

(i) Quasi-reduced

(ii) Reduced.

Proof Hint (i) v v(6%(0)) = ) iff G is quasi-reduced.
- Ozksp
(1) v y($e)) = v y(6%e)) = iffc
0<k<p p~p,<k<2p-p_,

is reduced.
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2.1 RECURSIVE COMPLEXITY

Consider a language like

t t b
L(a) = {a° b° &° |t = 0}

Clearly, a pattern like
aa...a bb...b cc...c

can only be produced by another such pattern if

8(a) € (a}”
§(b) € {p}"

s(c) e {c}”
And we eagsily see that
G = <{a,b,c},{a > aa, b > bb, ¢ > cc}, abe>.

We can investigate DOL-languages, as sets of patterns, and the semi
DOL's which give rise to them, by studying relations between recursive
letters and developing a notion of recursive complexity. (This will be

the subject of a subsequent report).

Def. 2.5 Let 8 = <z,6> be a semi DOL. The Recursive Complexity

Structure of S is a partially ordered set

MB$)=(zﬁmﬁ)smhtmw
(i) zr‘g )} is the set of recursive letters.
(ii) Let a,be] . a < b iff acy(s"(b)).
(iii) Let a,bezr. an~biff a <Db and b £ a.

Clearly, the relation ~ is an equivalence relation and induces a

partition on zr in blocks [a]i, i.e.
Y . ={[al.}, and we define [al. = [al, iff
r/v i i J

c £ b for some ce[a]i and be[a]j.



13

Lemma 2.7 [al > v {y(c(a))|c(a) is a connecting sequence of a}.

Proof vy(C(a)) E.Zr. (corollary lemma 2.3).
Let bey(C(a)). Then be U y(ék(a)) and ac U Y(Sk(b)).
Osk=p., OﬁkﬁPr

Hence b €< a and a < b [

That the converse of this lemma 1s not true follows from the counter
example
G = <{a,b,c},{a > ab, b > ac, ¢ > b}, a>
uly(c(a))} = {alu{a,b} = {a,b}.
But cey(de(a)) and aey(62(c)) and ceEr.
Hence ce[al and cé u{y(Cla))}.

Lemma 2.8 Let S = <),8> be a semi DOL. We can effectively determine

RCS(S) by examining u v(68(a)) for all ae) .
0<k<p

Proof We prove that for a,bezr (Xr determined by theorem 2.5):

a<b iff ac U v(8%(1p)).
O<ks<p -

U v(6%(b)) then a < b.
0<k=<p

+~. If a < b then there is a pedigree 1(a) = b,c1,...,ch_1,a.
Suppose h > p. Clearly 1(a) contains a repetition of letters and
there is an 1'(a) = bydiseessd v g8 with h'< h.

By iteration of this argument there is an

1'(a) = bye,pee.,e _q1»8 such that k < p.

1°° k

Hence ae u Y(ﬁk(b)) 0
0<k<p

In section 3.2 we shall prove that if L(G) is finite then for all a,bezr

if & < b then a ¥ b, i.e. the RCS consists of incomparable classes.
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3 DOL LANGUAGES AND A WORD PROBLEM

Consider the following '"word problem", given a semi DOL S = <),6>

and two words w, and w, over ). Does there exist an algorithm which

decides whether or not w1=:9w2. In another version the problem is
posed in [3] and called the membership question for DOL's: given a
DOL G = <),8,0> and a word w, is it decidable whether w eL(G).
Doucet [op. cit.] proves, independent and preliminary to the research

*)

showing that: !

reported here, that this question is decidable , essentially by

(1) It is decidable whether L(G) is finite or infinite.

(ii) If 1(G) is infinite then IGP(Gi(U))[> ISi(G)I and therefore we
can decide the question by generating finitély many successive
strings starting with o.

(iii) If L(G) is finite, the question is decided by writing out the
wvhole of L(G) where

(p-1)MKP+M

lL(e)| <p
vhere p = |)] ' -
K = max {|a| |a + a}
ae
M = max {lwlv I |w|v is the number of occurences of
weL(G)

vital letters in w}

(iii) suffers the same defect most decision procedures do, viz. it is
not feasible. The a priori bound on the computation length is not
proportionate to our present (and future) means of computation. Even

a very conservative estimate with p = 5, K = 2 and M = 5 gives us

5
}L(G)| < thsxe +5 _ 56l+5

]

*)

The decidability of this word problem also is a corollary of the

inclusion of the DOL Languages in the context sensitive languages

Lrl.

&
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which, for all practical purposes means the same as no a prioeri bound.
There is a profound difference between most mathematical decision
procedures and feasible algorithms which can be executed on a computer
and answer reasonsble questions in & reasonable time. Nobody is
satisfied by a Turing‘machine computation of 1010 + 1010 which takes
0(1020) steps (when the TM has a one letter alphabet).

In section 3.2 we devise a feagible heuristic algorithm which has been
implemented in an ALGOL program and delivers answers (to reasonable

questions) in a matter of seconds.
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3.1 FINITE AND INFINITE DOL LANGUAGES

We investigate some properties of DOL's which also form prerequisites
of the proposed algorithm.

Let ]w‘k denote the number of occurences in w of letters aezk where

ke{m,v,r,c,i,mr}.

lemms 3.1 Let § = <),8> be a semi DOL and w1,w262*;

*
If»|w1]v > Iwziv then w1=+=b Wy

Proof Since v(8(a)) n zv # @ for aeiv.
i g
Vtem Lir |w1]v >]w2|v then |6 (w1)[v > lw24V] O
It is easy to see that initial vital letters can only occur in
p.-1

G, 6(0), 000y 8 °

recursive letters can only occur in

Pi+Pc'1

(0); and recurring vital letters not derived from

0, 8(0);004,8 (o).

Lemme. 3.2 Let G = <),8,0> be a DOL.

vt zp, +p, [if bey(%(0)) n XV then Y(1(b)) n Er # 9]

% =D,

yhere 1(p) = Dsbyseeesby q5bs suchvthatibbey(c), b

(Every vital letter in Gt(o), t > p; +p,, has been derived

1
from a recursive letter in 5° (o), 0 <t' < p; *+ pc).

Proof If be] then v(1(b)) ] .
Suppose the lemma is not true, i.e. v(1(b)) < zi U zc.
But then [1(b)| = t+1 > p, + p_ while [y(1(e))] = P, *+ D

Hence 1(b) contains a repetition of a letter and

y(1(p)) n zr # @, which contradicts the assumption. O
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Corollary For all t =2 p; + P, holds:
if bey(ﬁt(o)) n zv then there is a cey(ﬁt(c)) n Zr such that

bey (8™ (c)).
or: v(6%(0)) n I v(6"(+(%(e)) n § ).

Hint: by lemma 3.2, repeated application of the corollary of
lemmae 2.3 and by lemma 2.7.

Def. 3.1 A DOL G' = <zi,6',c'> is the positive k~displacement of

G = <),8,0> if o' = 65(0) and e, §' < & such that G' is

guasi~reduced. G is a negative k~displacement of G .

lemma 3.3 The positive p-p, displacement G' = <)',8',0'> of

G = <z,6,o> is reduced.

Proof By the corollary of lemma 3.2 and by lemma 2.1 O

lemma 3.4 Iet § = <),6> be a semi DOL. If aezmr then
Lal = v(c(a)) E-zmr’ where C(a) is the unique connecting

*
sequence of a. Moreover, § (a) < Z; [al Z;.

Proof Let C(a) = bo,b1,...,b be a connectingAsequence of a,

k-1

bo = a, and let bk = a,

Suppose cey(S*(a)) n zv\y(c(a)).

1}

Then cey(éh(a)) and bpey(Sh(a)) for some h and p = h mod (k).
Therefore lah+k'P(a)]v = 2, But from def. 2.1 follows
6h+k_p(a) = na&ez; zmr Z;, which contradicts the assumption.

Hence C(a) is the unique connecting sequence of a;
. * * * * *
v{c(a))olal; and & (a) ¢ zm v(c(a)) zm c Zm Zmr Em'

By lemma 2.7 also y(C(a)) ¢ [al and therefore y(c(a)) =[al 0O
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Lemma 3.5 Let S = <),6> be a semi DOL.

(i) 1If aeE then e U y(6%(a)) n Er

O<k<p
(ii) If ae) then U Y(6 n 2 + ¢
¢ O<kSpc
(iii) If aez. then U y(Gk(a)) n z 0
+ O<k<p, +p_ r

Proof (i) follows from lemma 2.3.
(i1) Let aﬁic. Then there is a bezv such that

pey(s () n §

Let 1(b) = b b

o
..b_ ., b
pC

=a, b =b, be a pedigree

1°° o P,

of b.
Since aszc (1(p)) < z zr'

Suppose y(1(b)) E.zc; then |vy(1(p))| = P,-

But |1(b)| > p, and hence there is a repetition of a letter
in 1(b) which contradicts the assumption.
Hence v(1(b)) n z # @ which gives us lemma 3.5 (ii).
(iii) Anaelogous to (ii) with z z, and P *P; substituted for
i
Ec end p, [

Remark Lemme 3.5 tells us that every vital letter derives a repetition

of a recursive letter within p_ steps.

Lemme 3.6 Let S = <),8> be a semi DOL.

(1) It aezr\zmr, i.e. Iék(a)lv = x > 1 wvhere k = min K

a,
then VnelN [lénk(a)lv=> nx-n]
(ii) 1Ir aeimr, i.e. ]dk(a)lv = 1 where Ka = {k},

then Vtel [|6%(a) |, = |s%(a)|_ = 1]

Proof (i) By induction on n.

n = 0. ]Go(a)lv = la|, =

Suppose the assumption is true for n.



19

6 V)| = (6™ ()], 2

v v

lénk(a)lv -1+ !Gk(a)lv >

nx-n-1+x= (nt1)x - (n+1)

(ii) By lemma 3.k O
Pi+Pc
Theorem 3.7 L(G) is finite iff v(§ (o)) n ZV'E'Zmr'

Proof -. L(G) is finite.
P.+p

Suppose v(§ * %(0)) n zv\zmr £ 0.
+p

P.
Let &€ y(§ ' (o)) n zv\zmr'

k.
. . i - -
Case 1 aiezr\imr’ i.e. |6 (ai)lv = x; > 1, vhere k, = min Kai.

n*k;
|6 (ai)lv > nx.-n (lemma 3.6),

and for all bdl

bk, bk;
|62 i(a )] 2 18 (e)], >0 x-b 2D

Hence L(G) is infinite: contradiction.

Case 2 aieic. Then by the corollary of lemma 3.2 there is a

P, +p

bey(s * (o)) n ] such that aiey(a*(b)).

By lemma 3.k bezr\Zmr; and by case 1 L(G) is infinite which

contradicts the assumption.

pi+pc
Case 3 a€Zi' By lemma 3.2 y(§ (o)) n zi = g.
Pi¥P,
From case 1 - case 3 follows Y(§ (

D.+D
«oy(st o)) n ] =]

o)) 0l S L

mi”

pi+pc
Let |6 (0)| . = m. By lemma 3.k

p-+p p.+p
ve 2 0 [[6%(8 * (o)), = [8°(6 ¥ %(e))], = ml.
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Denote the i-th occurence of a monorecursive letter in St(o),

. . . .
t 2 p.4p_, by ai(t) and its period by k;

Since

(1) ¥&,t" 2 p.+p_ vie{1,2,...,m} [if t = ¢! mod(k,) then

ai(t) = ai(t')]
we have

(2) a1(t)a2(t)...am(t) = a1(t+u)a2(t+u)...am(t+u) where
u = l'c'm'(kT’kZ""’km) and t 2 p.+p,_ -

By (2) and lemma 2.1, for all t > p;*p, and all

*
n.‘ ,nea' oo ,ﬂm_,_] 351 3&29' o . 3€m+.|ﬁzm holds:

P
m
§ “(n, a1(t) n, ae(t) Ngee Ny a (t) n

m+1) =
Py
8 (a1(t) ag(t) e am(t)).—
Pm -
S (a1(t+u) a2(t+u) e am(t+u)) =
Py
s (51 a1(t+u) £, a2(t+u) By oo By am(t+u) Em+1)
In particular:
p.+p_*p P.+p *p_*u
§T ¢ M) =61 (5) and hence
lL(e)] < p-p, + l.c.m.(k ky,. 00k ) 0

Corollary Let G be quasi-reduced. L(G) is finite iff ZV = zi u Zmr'

<, If zv = Zi U zmr’ by the previous arguments L(G) is finite.

© .k
. Suppose kgoy(ﬁ (g)) n (zcu zr\Emr) + ?.
case 1 For some t 2 0 “vbey(ét(c)) n zr\zmr' By the

previous arguments L(G) is infinite.
case 2 For some t = 0 bey(ét(o)) n Zc' Since G is quasi-

reduced, by the def. of ZC and lemma 3.4
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! ) .
v(8~ (o)) n zr\zmr £ ¢ for some t', which gives us
case 1.
Hence if L(G) is finite the assumption is false, i.e. Ec u zr \ zmr =

= ¢ 0

Clearly, if a,be] and & < b then a ~ b.

Hence, if L(G) is finite then RCS(S) consists of pairwise incomparable
classes of monorecursive letters. The converse is trivially true.
Therefore, the family of finite DOL-languages is contained in the
family of DOL-languages of which the RCS consists of pairwise
incomparable elements.

¢ = <{a,b},{a > aa, b > b}, ab> yields

t
L(g) = {a® b|t = 0} and the RCS censists of pairwise incomparable

elements. Hence the containment is proper.

P.+D
Lemma 3.8 L(G) is infinite iff v(8 © (o)) n ] N ) 8

Proof By theorem 3.7 O
p.+2p _+p P.+p
Theorem 3.9 L(G) is finite iff |6 = - ¢ T(o)| =18 o),

D.+p
Proof ~, L(G) is finite. ‘S:'ane'zvln\(bS * C(O)).S zmr

p.+2p _+p P.+p
s % ¢ T, =18 " S,
p.+2p +p P.+p
i Fetr 1.1 %e
<. |6 (o), = |6 (o)]v,
Clearly, i+pc pc+pr
VaieZv [if a €8 (o) then |6 (ai)‘V = 1]
case | aiezr \ zmr'
Po*Py ki
s ¢ *(a.)]. = |8 “(a,)| > 1 where k., =min K_ :
iy ity i ey
contradiction.

case 2 aiezc. By the corollary of lemmae 3.2 and lemma 3.l this

reduces to case 1.
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case 3 aiezi: contrary to lemma 3.2.

Since cases 1 - 3 cannot occur, aiezmr and the proof follows by

theorem 3.7 N
pi+2pc+pr pi+ R
Corollary L(G) is infinite iff |6 (o)]v> |6 (c)]v.

Remark Up to now we have given several criteria for determining
whether L(G) is finite or infinite.
(i) 1f zc U zr \ zmr + § and G is quasi-reduced, then L(G) is infinite.

(11) I£y(6%9)) n] c] .t 2 p.+p_, then L(G) is finite.

i t Lt X s .
(iii) 1£ |8 (a)]v =|8 (c)]v, with t<t' > p +p and t'2 p.+p , then
L(G) is finite.

Relevant to the solution of the word problém are the following
observations.

Let L(G) be infinite.
P;*P, ks
aaiey(é (6)) VneN [16 (ai)lv > n]

If we take n = IwT|V, then after pi+ﬁc+n*ki productions, surely, we

know whether c=;éwT.

(N.B. clearly, n is a very poor lower bound on Ién*ki(a.)l ).

ity
Let L(G) be finite.
+ .
Ax,uel [6%(0) = 657 %(0)1, i.e.
L(g) = {5t(0)|0 <t < x+u}.
*
If w ¢L(C) then oo .
Lemms 3.10 Let S = <),8> be a semi DOL and ae) .
Lemma 5. 10 mr
pm+t p_+t!
§ (a) =6 ™ (a) for t' = t mod (k)
p *t p +t'
$ (a) % & (a) for t' ¥ t mod (k)
where t,t'elN and k is the period of a.
Proof Let C(a) = DD ssesby s b =a, be the unique connecting

sequence of a.
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t! .
v(8~ (o)) n Er\imr £ ¢ for some t', which gives us
case 1.
Hence if L(G) is finite the assumption is false, i.e. ZC u zr \ zmr =

= ¢ 0

Qlearly, if a,bezmr and a < b then a ~ b.

Hence, if L(G) is finite then RCS(S). consists of pairwise incomparable
classes of monorecursive letters. The converse is trivially true.
Therefore, the family of finite DOL-languages is contained in the
family of DOL-languages of which the RCS censists of pairwise

incomparable elements.
¢ = <{a,b},{a > aa, b > b}, ab> yields

t
L(g) = {a? b|t = 0} and the RCS consists of pairwise incomparable

elements. Hence the containment is proper.

D:*p
Lemma 3.8 L(G) is infinite iff v(8 © S(0)) n zv \ zmr )

Proof By theorem 3.7 0
. p.+2p +p pP.+p
Theorem 3.9 L(G) is finite iff |6 = -° T(o)] = 1o o),
. , P;*P,
Proof ~+, L(G) is finite. Since’z‘v‘n“{(fS (o)) E-zmr
p.+2p_+D p.+p
i e “r . i“e
|8 (o), =18 % “(al,
p.*2p *p P:+*p
i e 'r _ i*e
<. |6 ()], = |6 ()],
Clearly,

D.+D p.*P
. i*e c r _
VaiezV [if & €8 (c) then |6 (ai)]v = 1]

case 1 aieir \ Emr'

16 ¢ r(a.)l = 16 l(a.)l > 1 where k. = min K :
ity i ey
contradiction.

case 2 aiezc. By the corollary of lemma 3.2 and lemma 3.4 this

reduces to case 1.
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case 3 aiezi: contrary to lemma 3.2.
Since cases 1 - 3 cannot ocecur, aiezmr and the proof follows by

theorem 3.7 .
e e e . pi+2pc+pr pi+pc
>
Corollary L(G) is infinite iff |6 (o)[v |6 (c)}v.
Remark Up to now we have given several criteria for determining
whether L(G) is finite or infinite.

(1) If zc u Zr \ Zmr + ¢ and G is quasi-reduced, then L(G) is infinite.
(11) 12 y(6%e)) n] <] .t 2 p,*p_, then L(G) is finite.

. s t t! .
) =|8 <! 2 p + '2 p.
(iii) 17 | (c)]V | (o)lv, with t=t p,*p, and t' 2 p.+p , then
L(G) is finite.

Relevant to the solution of the word problém are the following
observations.

Let L(G) be infinite.
P;*P, ]
Haiey(ﬁ (c)) Vnew [|6 (ai)lv > n]

If we take n = le]V, then after pi+§c+n*ki productions, surely, we

know whether c=;%wT.
(N.B. clearly, n is a very poor lower bound on lén*ki(ai)lv,).
Let L(G) be finite.

Jx,ue [5%(0) = 6X+u(

i

o)l, i.e.

L(G) = {8"(0)]0 < t < x+u}.

%
If o _¢L(G) then o n

Lemma 3.10 Let S = <Z,6> be a semi DOL and aezmr.

+ '
pm t pm+t

S (a) = 6 (a) for t' = t mod (k)

t'

p _+t p_+
§™ (a)46™ (a) for t' # t mod (x)

where t,t'ell and k is the period of a.

Proof Let C(a) = DD yseresby oy b_=a, be the unique connecting

sequence of a.
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(1) v(c(a)) g ), (lemma 3.4)

(2) s%a) e ln I I (lemma 3.1)

(3) Inc(a), b, # b, for 0 <i<j<k (by definition).

(W) Gt(a) = nﬁt mod(k)g € z; zmr z; (by definition of C(a) and
(1) and (2)).

By (1)-(L), Gt(a) #Gt'(a) for t # t' mod(k), t,t' > 0. More in particular:
Pt p_+t'
(5) ¢ () # 6 * (a) for t ¥ t' mod(k), t,t' > 0.

. Pm . *
Since § (n) = A for all n € Zm and (4) we have:

P b
5 P(6%(a)) = 8 M by sy E) T

P jo) !
§ "(n' b, nod (k) g') =8 (s (a))

- t! *
for t = t' mod(k), t,t' > 0, and § (a)=n'bvlmak)£ﬂ nUE'ﬁzm

Hence

p_+t p_+t!
(6) 6™ (a) =6 m

(a) for t = t' mod(k), t,t' > O.

From (5) and (6) the lemma follows. []

Lemma 3.11 Let S = <Z,8> be a semi DOL and a € zmr’

+ +t!
p, +t P+t

8™ (a) # 8 (a)p with u € Z+

for all t,t' ¢ W.

Proof By (1)-(4) and (6) of the previous proof. [
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3.2, THE WORD PROBLEM

The derived theorems yield an algorithm to decide the word problem.
+

P €(0)) are

According to the proof of lemma 3.2 all vital a, € v(6
derived from previous occurrences of recursive letters and will recur

again.
L+

p.+D p.+2p *+
By comparing |6 + C(o)lv and |6 *

PPy ,

(o)]v we know whether L(G)
is finite or infinite.(theorem 3.9). If L(G) is infinite we generate
along and compare St(a) and w0 until either St(c) =uw_or

851, > lul,:

p.*+p
If L(G) is finite all vital a. € § * ©(o) are monorecursive
(theorem 3.7).
p.+p
i~e - N « *
Pet ) (o) = Ny 8y My 8y eee My B with nyseeonp g € Em

and &, 4..2,8 € .
1?2 "m zmr

P *
Since § ™) = A for all n € Em we have

P D.+D P P P P
(1) &6 ™s* C(O))=6m(n1)6m(a) vor 8 Ma) cSm(nm+

1Y P
Spm(a1) ) m(az) vee 8 Ma ),

)

1

By lemma 3.10 (let k, be the period of ai):

pm-F£ . pm+t' .
t',mod(ki) then § (ai) S (ai)],

(2) Va, e ] . Vt,t' >0 [ift

and by lemma 3.11

+ +t!
p_+t pmt

(3) ¥a e ] . VEt'20 Vue I"6™ (a;) # (a; 1.

(1)=(3) reduces the problem, for finite L{(G), to the following:
do there exist t,,t.s...,t € N such that
1772 m

+t D+t D+t

P
§ o 1(a1) s Pla) o 8™ Ma ) =u

2 T

and if so, does there exist a

&
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u st mod(ki) 1<iz<m (ef. (2)).

*(p-p +u) .
If u exists then o === w. . Because of (3) t1,t2,...,tm are unique.

Theorem 3.14. (Generalized Chinese Remainder Theorem, cf. Dickson [2];
also Knuth [5, p. 2561).
Let k

1""’km be positive integers and let t1,;..,th be any integers.

There is exactly one integer u which satisfies the conditions
0<uc< l.c.m.(k1,...,km)
u = t. mod(k.) (1 <i<m)
i i -7 -
iff t. = t, mod (g.c.d (k.,k.)) (1 <i<j<m).
1 J A - -

. I : i< -
Corcllary. A solution for u = t. mod(ki) (1<i<m) yields

u < l.c.m. (k1"'”’km)’ when m denotes the number of monorecursive

' Pi+Pc
letters in $ (o).

' Clearly, k, = ][aijl and if a. € [ai]~ then kj = k. (cf. lemma '3.4)

Hence u < l.c.m~(l[a]1],...,|[a]ql) where
{[a]1,...,[a]q} = zr/m' (G is quasi-reduced).

We conclude that, if we know that L(G) is finite, by examining the
propagations of the different letters in 0 for maximal p; * P, + o, +
+ P, =P steps we know whether or not

-p +
p-p,u

w =6 (o)

T

where u < l.c.m (k1,...,km) = l.c.m. (l[a]1l,...,l[a]q]).

If we have to decide first whether L(G) is finite or not we need

+p- + ions.
go) P, P, generations
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3.2.1. THE ALGORITHM

We present the algorithm written in pseudo ALGOL so as to make it at

once more unambiguous and comprehensible.
¢ Algorithm solves the word problem for DOL's ¢

begin procedure compare (o,wT);

begin ii.lclv > thlv then
begin print (fno solution}); goto exit end

else if ¢ = w_ then -

begin print ($solution found?}); goto exit end;

end

phase 0: ¢ clasiify all a; € z; by examining O<ﬁ5p Y(Gk(ai)) and’
- u 87 (a.), whether they bel 0 )y U ).
o<iep ( 1)’ ether' they belong to zm’ zr’ or. Zc v 21

If ‘e« Zf then determine its smallest period k. ¢
phase 1: compare (o,wT);

phase 2: . for i:= 1 step 1 until p do

begin o:= §(¢); compare (o,wT)

end; vital b:= |o|v;

Phase 3: for i:= 1 step 1 until p_do

begin o:= §(0); compare (o,wT)
end; vital end:= |o|v;

if vital end = vital b then goto phase 5;

phase L4: ¢ L(G) is infinite ¢
o:= &8(o); compare (c,wT);

goto phase U;

phase 5: ¢ L{G) is finite ¢

1:= 1,

next: for j:= 1 step 1 until ki do

¢ ki is the period of a; ¢
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: b
) m(ai))n then

(=
'_b
€

i}
O
]
—~

begin ti;= Js w = N3 i:= i+1;
ig.mT # A A 1 < m then goto next else
ifw = AA i = m+1 then goto phase 6
end;

print (%no solution#); goto . exit;

phase 6: for i:= 1 step 1 until m-1 do

begin for j:= i+1 step 1 until m do
if 3 t; mod (g.c.d. (ki,k.))
then begin print (fno solution}); goto exit end

print ($solution foundt});
exit:

end

Def., 3.2. Let G = <z,6,c> be a DOL. The growtg_function F: N >N is-
defined by F(t) = lét(o)|.~[8zilard, 1971; paper by

Salomaa & Paz in preparation].

The following speed up of the algorithm, especially when L(G) is infinite,
was suggested by A. Paz. “

Use the growth function of the DOL to determine the indexes of the
(finitely many if L(G) is infinite) words in £(G) which have a length

equal to |wT|. Then approach these words rapidly by generating

b, «». b

Ya € ) : 62(a) 1 0

s*a) = 6%(b,) ... 68(n)
%

52 (a) =cq .0 €
t+1 £ +

In this fashion we approach with exponential speed a word of large index

without having to generate the intermediate words.
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3.3.  THE SIZE OF FINITE DOL LANGUAGES

Lemma 3.15. Let L(G) be a finite DOL language generated by G = <Z,6,c>.,
¥j > p.+p [max {léi(c)l } = ]Gj(o){ = laj(c)l 1.
—7i%e Ly v v Tr

Proof By lemma 3.4 and theorem 3.7. O

Theorem 3.16. Let L(G) be a finite DOL language generated by G = <),8,0>.

u < L(G) < utp-p,
vhere u = 1l,c.m. (k, .k ..5k ) and k. ,k,.,...,k are the périods of the
1 m D.+p 1772 m

. . i%e
monorecursive a,,8,,...,a in 8 (o).

2"

Proof Denote the i-th occurrence of a monorecursive letter in~6t(o),

t _ .
t > p.+p s by ai(t). Let |6 (o)lmr =m and k. be the period of a,.

(1) vt,t! > p;*p, Vie {1,2,....m} [if ¢ = t‘~mod(ki) then
: : ) '
ai(t) ai(t ) else
! p
ai(t) # ai(t )1,

Therefore:

(2) ¥t Z_pi+pc. ¥ < l.c.m;(kT,...,km) [a1(t) az(t) e am(t) #
a1(t+j) az(t+j) oo gm(t+j)]

Hence

(3) |n(e)| > 1.c.m. (kyskysensk ) = u.

By the proof of theorem 3.7

k ).

(%) |u(a)] < p-ptlicem. (kokyseees L

From (3) and (4) the lemma follows. [
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Corollary. Since k. = I[aijlfforkai € zmr’

u = l.c.m, (k1,k km) = 1.c.m. (I[a]1|,l[a]el,...,lfa]q])

2,.-.,

where {[a]1,[a]

2,...,[a]q} = Zr/m if G is quasi-reduced.

Remerk. |L(G)| < p - P, * l.c.m. (k1""’ks)

s

Sp-p,.+tp,
n~1

< p(i+p )
m-1

< p(i+p )

where s is the number of monorecursive letters with different periods

.+p :
in 8§ 1 S(o) (in Zmr if. G is quasi-reduced), n is the number of different
L P.+Dp
mohorecursive letters in § 1 c(c), and m is the number of occurrences of
P-+Pc
monorecursive letters in &~ (o).

For the numeric example given in the introduction to section 3 we find:
(m=59 P=53 K=2) | -
Y
|L(e)] < 5(1+5°) = 3130
which upper bound may be minimized by taking the different periods of

awa,.“,%lhmoammmm.

2

The reduction on the size of upper bound on |L(G)l we have reached:

1 )uKP —1 )Mk
PP THETA (o) MK ~ g(ple-1MED

m )
p+p P+p

Strangely enough, it appears that K, i.e. the max. length of &§(a), has

no influence on the size of L(G).

We are now in the position to tackle the following problems. Let

G = <),8,0> be a DOL

&
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(i) What is the minimal size of ) such that |L(G)| = n
(ii) What is the minimal size of 2 such that ‘L(G)I >n
(iii) What is the maximal size of L(G) when |ZI-= n.
(iv) What is the maximal size of L(G) when |}| < n.

Let £38,,E5,0,: N> N

be functions which map n onto the asked sizes in (i)=(iv). -

m
min{ ) kifd | melN; k ,..l;km € N are pairwise prime;

£1(n) 1

1=1
m
delNand T k.+d = n}.
i=1 1
m
fz(n) = min{ Z ki+d m e IN; k1,...,km € N are pairwise prime;
i=1
m
delN and T k.+d > n}.
i=1 7
m - . °
f3(n) = max{.]I1 ki+d mel; k,ooik € N are pairwise prime;
l=
: m
delN and ) k. +d = n}.
i=1
m I3 - .
fh(n) = max{_H1 ki+d | m e N3 Kyseeesk € N are pairwise prime;
l=
m
delNand ) k.+d < n}.
ji=1 * 7

Open problems: investigate f1, f2, f3 and fh'
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APPENDIX

The programs are used in batch processing mode. Input to the program
is presented on the same medium as the program itself. Output appears

on the assigned peripheral.

PROGRAM #1
ARCHITECTURE

Description of input format: syntax

¢ spaces, tabulations, and carriage returns are skipped ¢

<letter>::= ¢ all characters available except "=" and "/" ¢
<nonzero string>::= <letter> <letter><nonzero string>
<string>::= <empty>|<nonzero string>

<production rule>::= <letter>=> <gtring>

<grammar>::= <production rule>/|<production rule>/<grammar>
<grammar declaration>::= g/<grammar>/

<beginword declaration>::= b/<ndnzer0‘string>/

e/<string>/

<endword declaration>::

b/<beginword declaration>|

<follow up job>::= job

job = e/<endword declaration>}
job = be/<beginword declaration><endword declaration>
<job>::= job = g/<grammar declaration><beginword declaration>

<endword declaration>
<long job>::= <job>|<long job><follow up job>
<multiple ‘job>::= <long job> job = /|<long job><multiple job>

Description of input format: semantics

\‘v

To begin with, information conce;nihg the nature of the input is
presented. "job = g" signifies: "o new set of production rules (grammar),
a new axiom (beginword) and a new targetword (endword) follow".

"g/" identifies the subsequent grammar, written in the obvious way with
"=t rollowed by ">" acting as a production arrow. The grammar is ter-
minated by en additional "/". "b/" identifies the subsequent beginword,

£
i.e. & <nonzero string> terminated by an additional "/".
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"e/" identifiés the subsequent endword, i.e. a string terminated by

an additional "/".

When we use the same grammar to test several beginwords and enwords

the <long job> job = / 1is appropriate, e.g.:

Jjob = g/ ¢ expect a grammar, beginword and endword ¢
g/<grammar>/
b/<beginword>/

e/<endword>/

job = b/ ¢ expect a new beginword ¢
b/<beginword>/

e/ ¢ expect a new endword ¢

job

e/<endword>/

job = be/ ¢ expect a new beginword and endword ¢
b/<beginword>/
e/<endword>/

/

Job

When several grammars have to be tested in the same run the
<multiple job> is used: when one <long job> is finished, "job = g/"
is encountered and the program is ready for a new grammar, beginword

and endword. The end of the fodder is indicated by "job = /",

Example. 8, = <{a,b},{a>ab,b>bb}>

*
8 == abbbbb ? & => abbbb ?

82 = <{a},{araal>

* X
ag == gagga 7 a => agaaa 7

*
a == A 7
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Input:
job = &/
g/a =>- ab/b => bb//
b/a/
e/abbbbb/
job = e/
e/abbbb/
job = g/
g/a => aa//
b/aa/
e/aaaa/y;
job = be/
b/a/
e/aasaa/
job = e/
e//
job =/

Description of the output format

The program processes one <job> or <fellow up job> at a time. First the
corresponding input is printed, then the jobnumber, .the number of
generations which were needed to reach a coneclusion, the phase of the
algorithm in which the conclusion was reached (ef. 3.3) and the

conclusion itself. More precisely:

<idgit>::= 1]2]3|L4|5|6]7]8|9
<digit>::= 0|<idgit>
<number>::= <idgit>|<number><digit>

<phase number>::= 1|2|3|4]5]6| 5<digit><digit><digit><digit><idgit>

<solution>::= solution found | no solution
<print input>::= <job>]<follow up job>
<job output>::= <print input>

Jjobnumber: <number>
number of generations: <number>
phase: <phase number>
<golution>
<multiple job output>::= <job output> job = /|
<job output><multiple job output>
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The <jobnumber> is numbered consecutively from 1 to n (when the

<multiple job> contains n <job>'s and <follow up jeb>'s).

phase number: i signifies "in phase 1 (of algorithm 3.3) a conclusion

was reached".

phase number: 5 ... i signifies "in the finite case (phase 5) the i-th

monorecursive letter of Gp(o) did not produce a prefix of the (reduced)
1"

endword wT .

|. or,

number of generations: n indicates §%(o) = w_ or \6n(c)1v > ]wT v

only in the finite case, n = 2p—pm.

. . . . * L. . *
<golution> is "solution found" if o= W, and "no solution" if o=F .

Example. (output of first input <job> example)

job = g/

g/a => ab/b => bb//
b/a/

e/abbbbb/

jobnumber: 1 H

number of generations: 3
phase: 3

no solution

Error messages

¥

error job control input « subsequent to "job =" one of the
following symbels is missing: "g", "d",
"e" y or "/" .

error in input < (i) input format incorrect, e.g. grammar

inputted after begin- or endword.

(ii) insufficient input, e.g. no grammar,
begin~—er éndword.

(iii) the identification symbol

in front of grammar, begin- and endword

iS nO'b a !lg"’ "b" and nen.

no transition sign +« a production rule without "=" has been

£

encountered,
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symbol in grammar not < @ symbol occurs in the righthandside
defined of a production rule for which no

production rule is given, i.e. § is

not total.
symbel in word not in < a symbol occurs in the begin- or end-
grammar word, for which no production rule is
given.
array memory overflow < the production being executed overwrites

indispensable memory, e.g. production

rules,

program error < either program or algorithm (or computer)

is defective.

program end : < normal program termination.

ORGANIZATION

The program is written for use on the EL-X8 at the Mathematical Centre.
The cheracterset used is that of the MC-flexowritercode. Transput is
according to the ALGOL-60 compiler of the MC and only two procedures
make use of it: procedure error and preceduie nextsymbol.

¢.f.: D. Grune, Handleiding Milli systeem voor de EL=-X8, LR 1.1,
Mathematiseh Centrum, 1971, '

To promote efficient use of memory, the production rules, beginword,
endword, the concurrently produced word, the previously produced word,
and, if necessary, information for application of the Chinese Remainder

Theorem are stored in one array called "array" (see figure).

production endword memory used for beginword
rules word generation
Low core high core

"array"
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The production rules are stored as follows (the figure depicts the

storage of a + §(a))

/11711

Information furnished class ~— a is mortal, vital, recursive
by proc classify cycle +4—— depending on class of a.
Entry of production  — n- —~— n = [6(a)].

rule proper

FoN

n 4 one location for each

‘ letter in 6§(a).
ANSEEENN

|

If a € zr cycle:= min K.

If a € zm cycle:= number of generations needed to derive A.

121

If a € Zv cycle:

To construct the correct pointers between the different entries in the
table of production rules an additional array "addresskey" is used.
"addresskey" has one location for each character in the characterset
(in our case 127), and only uses those which are defined in the

production rules.

Example. G = <{a,c},{a>ac,c>cc},a>

A

/1111 7 )

"a"=10 2 c | c - c c C;;

1|y 1|y o

"p=q alcl2olioliz]|alec |2 |12 |12 7
; o 1 st 1 1 s 1 //'
"c"z\m T s | e s | e 7

\\\\\\ o 1 2 3 L4 5 6 T 8 9

"addresskey" "array"
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Subsequent to the reading of the production rules, the pointers in
"array" to "addresskey" are replaced by corresponding pointers to "array"

itself (assemblage).

A pooT T -
////// Lo yo | il
10 2 L1 c c c | e
| 1 v 1 Yy
11 | a c 2 2 T a c 2 it T
| s 1 s 1
12 T - T T s | e s | e
\\\\\\ o 1 2 3 4 5 6 T 8 9
"addresskey" "array"

A1l words are stored in a similar way. The entry point contains the
word length. Subsequent elements of the array contaln pointers to the
corresponding production rule. When the word is stored at high core,
the word length is taken negative otherwise positive.

Let the beginword be "a" and the endword "accccc".

endword beginword
ADAL,
/
e et 2 |-1
7
A AL
P~y TN TS -
Low core high core

"array"

Productions are executed as follows. The first production will trans-
form the beginword ¢ into the next word §(¢) stored at low core from
the endword upwards. 62(0) will be stored at high core from the begin-

word downwards. 63(05 overvrites §(o) at low core ete.
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State of "array" after five productions.

AAAL
SNV VY
production | endword beginword
S 5 (o) §*(s)
rules 'wT o
> > AAaL —— g
\A A

"array"

Productions from individual letters, are, if needed, executed in a

similar fashion.
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PROGRAM #2

The program generates a finite propagation of a given DOL G = <I,§,0>
e.g. ‘

2

£(G) = 0,6(0),6%(0),...,8 (a).

Only these 8 (o) (0<i<k) are printed which are specified in the input.

ARCHITECTURE

The input format is similar to that of program #1 with the following

alterations:

job = gp/ ¢ "p" stands for "print generated words as specified in
print command". When "p" is omitted, no word except the

beginword is printed. &

e/<number>/ ¢ <number> replaces <string> in <endword declaration> of
program #1, and determines the number of productions the

program executes, ¢

¢ followed by the printcommand ¢
p/ f<number>l<number>s<number>/

which means:

for i:= 0 step 1 until F-1, F step S until k-L-1,
k-L step 1 until k do print (6% (o));

where TF = <number> following T
L
S

<number> following 1

<number> following s

f<number> omitted: . F:= 0
l<number> omitted: L:= O

s<number>  omitted: S:= 1

Error messages. Similar to ptogram #1, but for "program error", and

in addition:
no,separator after countcommand =« "/" omitted after "e/k/"
error in printspecification < "p/f<number>l<number>s<number>/"

is not correct.
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